For a uniform population of neutron stars whose spin-down is dominated by the emission of gravitational radiation, an old argument of Blandford states that the expected gravitational-wave amplitude of the nearest source is independent of the deformation and rotation frequency of the objects. Recent work has improved and extended this argument to set upper limits on the expected amplitude from neutron stars that also emit electromagnetic radiation. We restate these arguments in a more general framework, and simulate the evolution of such a population of stars in the gravitational potential of our galaxy. The simulations allow us to test the assumptions of Blandford's argument on a realistic model of our galaxy. We show that the two key assumptions of the argument (two dimensionality of the spatial distribution and a steady-state frequency distribution) are in general not fulfilled. The effective scaling dimension D of the spatial distribution of neutron stars is significantly larger than two, and for frequencies detectable by terrestrial instruments the frequency distribution is not in a steady state unless the ellipticity is unrealistically large. Thus, in the cases of most interest, the maximum expected gravitational-wave amplitude does have a strong dependence on the deformation and rotation frequency of the population. The results strengthen the previous upper limits on the expected gravitational-wave amplitude from neutron stars by a factor of 6 for realistic values of ellipticity.
For a uniform population of neutron stars whose spin-down is dominated by the emission of gravitational radiation, an old argument of Blandford states that the expected gravitational-wave amplitude of the nearest source is independent of the deformation and rotation frequency of the objects. Recent work has improved and extended this argument to set upper limits on the expected amplitude from neutron stars that also emit electromagnetic radiation. We restate these arguments in a more general framework, and simulate the evolution of such a population of stars in the gravitational potential of our galaxy. The simulations allow us to test the assumptions of Blandford's argument on a realistic model of our galaxy. We show that the two key assumptions of the argument (two dimensionality of the spatial distribution and a steady-state frequency distribution) are in general not fulfilled. The effective scaling dimension D of the spatial distribution of neutron stars is significantly larger than two, and for frequencies detectable by terrestrial instruments the frequency distribution is not in a steady state unless the ellipticity is unrealistically large. Thus, in the cases of most interest, the maximum expected gravitational-wave amplitude does have a strong dependence on the deformation and rotation frequency of the population. The results strengthen the previous upper limits on the expected gravitational-wave amplitude from neutron stars by a factor of 6 for realistic values of ellipticity. 
I. INTRODUCTION
Continuous emission from spinning neutron stars is a promising source of gravitational waves, but so far no detections have been reported. This begs the question "what is the largest expected amplitude of the continuous signal from nonaxisymmetric neutron stars?" There might exist a (so far undetected) population of spinning neutron stars whose dominant energy loss goes into the production of gravitational waves, rather than into electromagnetic radiation. These are often called "gravitars"; we show later in this paper that gravitars set an upper limit on the amplitude of gravitational waves from spinning neutron stars that are also emitting electromagnetic radiation.
In 1984 Blandford found a simple analytic relationship between the expected maximum amplitude of gravitational waves emitted by gravitars and their average galactic birthrate. This argument was not published but it is documented by a citation in [1] . The argument was recently revised in [2] . This paper revises both the original and the revised Blandford arguments, and shows that two key assumptions of these arguments do not hold in a realistic galactic model of gravitars. This paper corrects the assumptions of the argument, and then investigates how the conclusions are affected by this change.
We stress that while this paper studies the behavior of a population of galactic gravitars, it does not make a plausibility case for the possible existence of such ob- * Electronic address: Benjamin.Knispel@aei.mpg.de † Electronic address: Bruce.Allen@aei.mpg.de jects, or study their potential astrophysical implications. The study itself is nevertheless interesting, because even if gravitars do not exist, they provide a relevant upper bound on the gravitational-wave emission by objects (such as rapidly-spinning neutron stars) that do exist.
The paper is organized as follows. Sec. II reviews Blandford's argument and its assumptions. A simple analytic calculation is used to derive the frequency-space distribution of the sources. This allows a sharper statement of the conclusion and clarifies the dependence upon the assumptions. The aim of this paper is to test whether these assumptions are fulfilled in a realistic model of our galaxy and, if the assumptions do not hold, what the consequences are. Sec. III describes a numerical simulation of the Galaxy, and Sec. IV presents results for the simulated spatial and frequency distribution of gravitars at the present time. The simulated spatial distributions do not satisfy the assumptions of Blandford's argument: they are not two-dimensional and uniform. Sec. V uses these simulated distributions to recompute the expected maximum gravitational-wave amplitudes from gravitars. As shown in [2] , the maximum expected gravitational wave amplitudes from gravitars are upper limits for the gravitational wave amplitudes from neutron stars spinning down through combined electromagnetic and gravitational-wave emission. Previous work assumed that all neutron stars are formed with the same (high) birth-frequency. Here, the argument is generalized to cover a continuous distribution of initial frequencies. This is followed by a short conclusion.
For realistic models of neutron stars, the general upper limit on gravitational-wave emission set by considering the gravitar case applies for gravitational-wave frequencies f 250 Hz. The reader who wants to skip all the details and just see the final result is advised to look at Fig. 5 which is the main result of the paper.
II. BLANDFORD'S ARGUMENT: AN ANALYTIC DESCRIPTION

A. Frequency Evolution and a First Analysis
If a rotating neutron star has a nonaxisymmetric shape, it will radiate away rotational energy by the emission of gravitational waves. It is straightforward to derive the equations describing the frequency evolution of gravitars. Their spin-down due to their nonaxisymmetric shape is given byḟ = − 32π
where f is the frequency of the emitted gravitational waves, which is twice the spin frequency of the gravitar. G is Newton's gravitational constant, I is the momentum of inertia with respect to the rotational axis, c is the speed of light and ε =
I1−I2 I
is the ellipticity of the gravitar. Integrating (II.1) gives the frequency of gravitational waves emitted at time t as
with β = 5 128π 4 f with ellipticity ε to spin down to gravitational-wave frequency f via the emission of gravitational waves. These equations allow one to calculate the gravitational-wave frequency at the present time for any gravitar given its birth frequency, ellipticity, and age. This in turn allows one to determine the frequency distribution of a population of gravitars.
The strain amplitude h of gravitational waves emitted by a gravitar at distance r to the detector and assuming optimal mutual orientation (gravitar sky position given by the unit vector orthogonal to the plane of the detector arms; gravitar spin axis parallel to this vector) is given by
Given a model for the spatial distribution of gravitars, this allows one to determine the distribution of gravitational-wave amplitudes. Let us begin by giving Blandford's original argument in a more complete form than the single-paragraph version given in [1] .
Assume there is a population of galactic gravitars, which remain undetected because they do not emit electromagnetic waves. Ref. [3] (particularly Sec. 6 and the appendix) shows the conditions necessary for a neutron star to be a gravitar. Ref. [4] is a simulation of a population of isolated neutron stars accreting matter from the interstellar medium and demonstrates that quite a few neutron stars may in fact meet these conditions. Taken together, these two papers establish a detailed plausibility argument for the possible existence of a population of gravitars.
Assume the neutron stars are uniformly distributed in a thin two dimensional galactic disk with radius R and assume that the time between gravitar births in our galaxy is constant: τ b ≈ 30 yrs. Assume that all gravitars are born with the same ellipticity ε and high birth frequency f b . The frequency of each gravitar will then evolve according to (II.2).
Consider an interval [f 1 , f 2 ] of gravitational wave frequencies with f 1 , f 2 f b . Let us consider wide ranges of frequencies corresponding to the broad-band sensitivity of modern interferometric detectors. Then, from (II.2) the time a gravitar will spend in this interval of frequencies is
The number of sources in this frequency interval is given by N 12 = t12 τb if t 12 τ b and depends on the choice of the frequency band. Because of the assumed two dimensionality and uniformity of the spatial distribution the average distance r cl to the closest gravitar in this range of frequencies can be written as
The formula given in Ref. [1] agrees with Eq. (II.7) if one assumes that the factor in square brackets is of order unity, which is the case for the latest generation of broadband interferometric gravitational-wave detectors.
To estimate the gravitational-wave amplitude of the strongest source requires a bit of care. To get the flavor of the original argument, consider a one-octave frequency band [f, 2f ] . The quantity in square brackets in (II.7) is 15/16 which we approximate as unity. Substituting the distance to the closest source (II.7) into (II.5) and neglecting the fact that f 2 can vary by up to a factor of four within the octave, gives the amplitude of the strongest source in this one-octave frequency band to be
(II.8) The Blandford argument is simply the observation that this amplitude is (1) independent of the population's deformation ε and (2) independent of frequency f .
Blandford's argument may also be stated in terms of a comparison between two different model Galaxies, each containing a similar populations of gravitars but each having a different (but constant) value of the ellipticity.
B. Restating Blandford's Argument
The previous paragraph is a rigorous version of Blandford's original argument. We now generalize this, building on the methods first presented in [2] .
Let us first define useful quantities to describe a population of gravitars. As before r denotes the distance between gravitar and detector, f is the frequency of gravitational waves emitted, and ε is the ellipticity of the gravitar.
In this section t measures the age of the gravitars. A gravitar with age t = 0 is born at the present time, whereas t > 0 for a gravitar born in the past.
Because optimal mutual orientation of the gravitar's spin and the detector's normal axis is assumed, the gravitational-wave amplitude depends only on the distance r but not on the sky position. Therefore, it is useful to define the probability dP r of finding a gravitar born time t ago at the present time in a spherically symmetric shell [r, r + dr] around the Sun [11] . The probability can be written in terms of a probability density r (r, t) as dP r = r (r, t) dr.
(II.9)
Moreover, let us define the probability dP f of finding gravitars born time t ago with ellipticity ε in a presenttime frequency band [f, f + df ]. dP f can be written in terms of a probability density f (ε, f, t) as
(II.10)
Note, that the probability densities are normalized by ∞ 0 dr r (r, t) = 1 ∀t and
For further generalization consider a continuous distribution of gravitational wave frequencies at birth instead of a single, high value. Let dP f0 be the probability of the birth frequency being in a band [f 0 , f 0 + df 0 ]. The corresponding probability density f0 (f 0 ) is defined by
normalized as before. Frequency change by redshift from cosmological evolution is neglected since all gravitars considered are within our galaxy.
To link the initial frequency distribution f0 to the present-time distribution f , consider a gravitar with ellipticity ε whose current frequency is f , and let f 0 (ε, f, t) denote the gravitar's frequency at time t in the past. Solving (II.2) for the birth frequency yields
The probability density f can be rewritten in terms of the initial frequency distribution f0 by a change of variables. The fraction of gravitars in a birth frequency band [f 0 , f 0 + df 0 ] is the same as the fraction in a present time frequency band [f, f + df ], so the identity
from which
immediately follows.
To allow for a time-dependent birthrate of galactic gravitars, letṅ (t) be the birthrate as a function of t. The number of gravitars dN formed during a short time
The number dÑ of gravitars in a thin spherical shell [r, r + dr] around the position of the Sun, with frequencies in [f, f + df ], with fixed ellipticity ε, formed in a time interval [t, t + dt] ago is then given by
From (II.5) it follows that for fixed ε and f there is a unique, invertible mapping r (h) from the amplitude of gravitational waves h to the distance r of the gravitar from the Sun. A change of variables from r to h yields
(II.17) and the number M (f 1 , f 2 , h max ) of gravitars with a gravitational wave amplitude h h max in a frequency band [f 1 , f 2 ] and ages t t is given by integration as
Here, the integral over h is performed for a fixed ε (assuming the same ellipticity for every gravitar) and fixed f and t. After integrating out the dependence on h the follow-up integration over f weights the previous integral by the frequency density. The last integration sums the distributions from different birth times weighted by the galactic neutron star birthrate at that time. Before Eq. (II.18) is used to rederive Blandford's result, let us prove that the frequency distribution from a single birth frequency has reached a steady state (∂ t f = 0) at frequency f , if f (t) < f < f b , where f (t) is given by (II.2). Consider a frequency band [f, f + df ] which is wide enough to contain at least one gravitar at all times t. If f (t) < f < f b , the constancy of the birthrate guarantees that if and only if a gravitar leaves the frequency band by the lower boundary another gravitar will enter the frequency band from higher frequencies. The assumption of a steady state is crucial. If the distribution has not reached a steady state in a certain frequency band there will be no sources in that band and there is no contribution to the integral in (II.18).
Let us now re-derive Blandford's result by using a density function r (r, t) = 2r/R 2 which describes a population of galactic gravitars uniformly distributed in a flat two-dimensional disk with radius R [12]. Further, assume a constant birthrateṅ (t) = 1 τb and a single high birth frequency
Inserting r (h) into (II.18) by solving (II.5) for r we find after a slightly technical but straightforward calculation
The integrations are trivial and yield
Let us follow [2] and assume a 50% chance of detection, corresponding to M = 1/2. One finds a maximum gravitational-wave strain [2] 
This result can also be directly compared with the earlier result (II.8) from the cruder analysis, by setting f 2 = 2f 1 and setting M = 1. The values of h max obtained by these two different analyses disagree by about 40%, but are independent of deformation and frequency f 1 . For a broad band search performed today we assume ln (f 2 /f 1 ) ≈ 1. Then (II.21) gives the largest amplitude expected under the assumptions [13] from galactic gravitars as h max ≈ 4 × 10 −24 . For later comparison with the realistic galactic model, let us calculate the dimensionless averaged fractional frequency densityˆ f (ε, f ) in the population. It is defined by dP f =ˆ f (ε, f ) df f being the probability to find gravitars with a fixed ellipticity ε in a frequency band
where
dtṅ is the number of gravitars formed during the timespan t. Using the same assumptions as for the derivation of (II.20) yieldŝ
For fixed ellipticity the averaged fractional frequency density falls off with f −4 and scales for fixed frequency as ε −2 . Let us summarize the assumptions made for this analytic calculation of the strongest gravitational-wave signal from galactic gravitars. Assume all gravitars are born at a single high birth frequency with fixed ellipticity and constant birthrate, and reside in a two-dimensional, uniform distribution, i.e. in a thin galactic disk. Assume their spin-down is governed by the emission of gravitational waves as described by Eq. (II.2). Adopting these assumptions and a 50% chance of actual detection, the largest amplitude h max of gravitational waves emitted by galactic gravitars in a frequency band [f 1 , f 2 ] is given by (II.21). Thus, a precise statement about h max is the following
Result: Assume the existence of a population of galactic gravitars with uniform, twodimensional spatial distribution, single, high birth frequency, fixed ellipticity ε, and constant birthrate. Choose a frequency band [f, sf ] with scale s > 1 large enough such that there is at all times at least one gravitar in this band. Then the largest amplitude h max of gravitational waves emitted by galactic gravitars in this band is independent of f and ε and depends only on the scale s.
Searching wider ranges of frequencies increases the value of h max because the absolute number of gravitars in wider ranges of frequency increases. However, in (II.21) the gain from going to higher frequencies grows slowly, as the square root of the logarithm, because the gravitars spend less time at higher frequencies.
C. A Natural Limit to the Result
Because of the crucial assumption of a steady-state distribution in frequency there are obvious limits to this simple model. The time to reach a steady state in a given narrow frequency band [f, f + df ] must be at least of the same order of magnitude as the spin-down timescale (II.4), because otherwise no gravitar will have spun down to frequencies contained in the band.
If all gravitars are born at the same high frequency the time to reach a steady state is exactly the spin-down age. If on the other hand there is a continuous distribution of initial frequencies, then reaching a steady state in a certain frequency band requires longer evolution times. Only then most of the gravitars in that band are ones that have spun down from higher frequencies. Over time this effect "washes out" any effects of the initial frequency distribution.
There is a natural limit to the result due to the finite age of the Universe, since no gravitar can be older than the Universe itself. An even better limit would be the age of the Galaxy, or rather that of the galactic neutron star population. However, since the age of the Universe is known much more accurately than the age of the Galaxy, and since they differ only by a factor of order 2, we will use the age of Universe in all of our estimates below.
The age of the Universe t 0 can be calculated from Hubble's constant H 0 as t 0 = 2 3 H −1 0 . Then the finiteness sets limits on the values of ε and f for which the population has reached a steady state. We easily find from (II.4) that the population is in a steady state for gravitational-wave frequencies that satisfy
Fixing the ellipticity, one can calculate a frequencỹ
= 76 Hz 10
above which the population can be assumed to be close to a steady state. We would like to stress that a realistic population with a continuous distribution of initial frequencies has to have evolved over a time T ≈ few × τ gw to be in steady-state. Thus the true value off (ε) is larger by a factor of a few, and falls into the frequency range of highest sensitivity in modern interferometric gravitational-wave detectors (between 100 Hz and 300 Hz).
The range of ellipticities for which the assumption of steady state breaks down is then given bỹ
In general it is not valid to assume that the frequency distribution in our galaxy is in steady-state. We postpone further discussion of a uniform twodimensional spatial distribution to Sec. IV C after presenting the setup of our numerical galactic model.
III. NUMERICAL MODEL
The second section of this paper gave a precise analytic formulation of Blandford's argument including the extensions and improvements of Ref. [2] . To understand if this argument holds in a more realistic model of our galaxy, we set up a numerical simulation of the time evolution of a population of galactic gravitars. This follows [3] , using a more recently published result [5] for the initial velocity distribution of neutron stars. To compute the spatial distribution, the equations of motion following 
A. galactic Potential and Equations of Motion
The motion of galactic gravitars is governed by the galactic gravitational potential. The potential first given by Paczynski [6] is adopted. This potential describes our galaxy as axisymmetric with respect to the rotation axis. Thus, cylindrical coordinates ρ, z and ϕ are used. ρ denotes the distance to the galactic rotation axis, and z is the distance perpendicular to the disk.
The adopted potential represents our galaxy as composed of three different mass components. The most massive is a nonuniform flat disk with a radial scale of 3.7 kpc and a z-direction scale of 0.2 kpc. The component with the second highest mass is the halo, which is described by a density distribution h ∝ r 2 + r The corresponding potential therefore consists of three terms
describing, respectively, the potential energy per unit mass of the spheroid, the disk and the halo in our galaxy. The first two components (i = s, d) are given by
(III.2) For the potential of the halo r 2 = ρ 2 + z 2 is substituted and the following spherical symmetric expression is used
(III.
3) The parameter values are shown in Table I .
The axial symmetry of the galactic model leads to conservation of the z-component of the angular momentum L z . Thus, the effective potential is
The equations of motion that are evolved arë
The equation of motion for ϕ is given by ρ 2φ = L z . In the simulation this equation is not used because ϕ is not evolved, but drawn from a uniform random distribution ϕ ∈ [0, 2π).
B. Initial Spatial Distribution
The initial spatial distribution of gravitars is proportional to the density of massive progenitor stars of neutron stars. While there is quite good agreement about the initial distribution in z-direction, the initial distribution along the radial direction is unknown.
In the z-direction the initial position is drawn from a Laplacian distribution with scale factor z 0 = 0.075 kpc. The probability of a gravitar's birth in an interval [z, z + dz] is given by
We considered three different models for the initial radial distribution together with the given initial zdistribution.
The simplest radial distribution [from Ref. [3] ] is an exponential fall off with a scale factor ρ 1 = 3.2 kpc. The probability of a gravitar's birth in a distance interval [ρ, ρ + dρ] is then
Note however that this distribution leads to an extreme concentration of neutron stars towards the galactic center. These are not seen in pulsar surveys [7] . So following [6] a gamma distribution given by
is also considered, where gravitar formation in the disk is allowed for ρ 25 kpc, and the constants are given by ρ 2 = 4.78 kpc and a ρ = 1.0345. A third distribution
with ρ 3 = 1.25 kpc taken from [7] is also considered. It is fitted to the radial distribution of Population I stars which are considered to be likely progenitors of neutron stars. Again, gravitar birth events are allowed for r 25 kpc. On average, only one gravitar out of 14 thousand is born with ρ > 25 kpc, so the normalization constant a ρ ≈ 1.
C. Initial Velocity
The galactic rotation determines the velocity of the supernova progenitors and therefore also that of the newborn neutron stars.
From classical mechanics the rotational speed of a body on a circular orbit in the axisymmetric potential (III.1) is given by v rot = ρ∂ ρ Φ (ρ, z). From the initial coordinate of a gravitar the corresponding v rot on a tangential circular orbit is calculated (neglecting initial rotation velocities perpendicular to the galactic disk, because all gravitars are born with low initial values of z). Looking down on the Galaxy from positive z-values the Galaxy is chosen to rotate counterclockwise.
Furthermore, it is assumed that gravitars are born in a supernova explosion that will kick the newborn star. The direction of that kick is assumed to be isotropic. The kick speed is drawn from a Maxwellian distribution with a mean velocity v = 430 km/s. The probability for the kick speed to be in an interval [v kick , v kick + dv kick ] is
(III.10) It is assumed that this distribution from Ref. [5] may be used for gravitars as well as for pulsars.
D. Initial Period Distribution
Because of the conservation of angular momentum in the supernova event and the much smaller radius of the gravitar compared with its progenitor, newborn neutron stars will spin rapidly.
We considered three models for the distribution of the initial rotation periods following the models given in Ref. [3] . The existence of three different models reflects our ignorance of the actual distribution of initial periods. The first model is described by a lognormal distribution
(III.11) where P 0 is measured in seconds and where the values σ = 0.69 and P 0 = 5 ms are taken from Ref. [9] . Gravitars with P 0 < 0.5 ms are excluded.
The second model is using the same probability distribution as the first model but every initial period P 0 < 10 ms is set to 10 ms exactly. In this way the possible presence of r-modes in young neutron stars is mimicked. These modes can dissipate rotational energy of the newborn neutron star and increase its initial period to about 10 ms within 1 yr.
The third model considered is a further extension of the second one. It includes the effects of matter fall-back after the supernova explosion. The increase of angular momentum by the accreting matter could counteract the r-mode induced deceleration. The resulting initial period will approach an intermediate value. The choice from [3] to draw the initial period from a uniform distribution between 2 ms and 15 ms is adopted
E. Coding and Implementation
With the initial distributions from Secs. III B and III C and the equations of motion (III.5) at our disposal, it is a straightforward problem to find the spatial distribution of a population of gravitars at the present time.
The code for the simulation is written in C. The equations of motion (III.5) are integrated via a Burlisch-Stoer method in combination with Stoermer's rule for the direct discretization of a system of second-order differential equations using routines described in [10] . Over the integration time the total energy is conserved to one part in 10
6 . For the derivation of the frequency distributions (II.15) the probability distributions are implemented by random number generators and functions from the GNU Scientific Library (GSL) [8] . The fractional frequency density (II.22) is obtained via a Monte-Carlo integration using 2 × 10
12 random values of initial frequency and a uniform distribution of ages.
Depending on the model of the initial spatial distribution the integration of 10 6 neutron star trajectories over a time of 200 Myrs takes 2.5 mins to 13.3 mins on an AMD Opteron 185 processor. Most of the simulations were done on the Morgane cluster at the AEI in Potsdam.
IV. RESULTS
A. Frequency Distributions
In the derivation of the generalized result (II.19) the assumption of a steady-state frequency distribution (II.23) is (along with the two-dimensional uniform spatial distribution) the key to the independence of the maximum amplitude on ellipticity and frequency. Let us therefore first have a look at the frequency distributions that result from a continuous distribution of initial frequencies and compare them with the corresponding density resulting from a single birth frequency (II.23). Fig. 1 shows the results of the Monte Carlo integration for t = 13.6 Gyrs using a lognormal distribution of initial periods and a fixed ellipticity for each run in the frequency range f ∈ [50 Hz, 2000 Hz]. The ellipticity varies over 3 orders of magnitude from 10 −9 to 10 −6 . The dashed lines correspond to a scaling proportional to f −4 , which results from a single birth frequency and shows a steady-state distribution as calculated in Eq. (II.23).
For ε = 10 −6 the population is close to a steady state at the present time because the scaling is nearly proportional to f −4 . For smaller ellipticities one can identify a kink in the density function at a frequencyf as given by (II.25). The kink is due to gravitars born at high frequencies that are too young to have spun down to lower frequencies. The frequency distribution for ε 10 −7 is not in a steady state in the frequency range of highest sensitivity for modern interferometric detectors, which is between 100 Hz and 300 Hz.
We also note thatˆ f (ε, f ) does not scale as ε −2 in all frequency bands. It only scales as ε −2 at high frequencies. Let us now compare the fractional frequency densities that result from different models of initial frequency distributions for a fixed ellipticity. Fig. 2 shows the distribution in frequency space after an evolution time of t = 13.6 Gyrs for ε = 10 −7 . Each graph corresponds to one of the models for the initial frequency distribution.
If the evolution time is long compared with the spindown time τ gw (II.4), most of the gravitars will have spun down to low frequencies, and the distribution will be dominated by those older sources. Yet, if the respective model has upper or lower limits on the birth frequencies one cannot expect the fractional densities to agree near these boundaries. However, in frequency bands of interest for modern interferometric detectors (100 Hz to 300 Hz) the distributions only show minor differences between the different models.
B. Spatial Steady-State Distribution and Timescales
Since the gravitars are born in a thin disk and receive an isotropic kick by the supernova, they tend to leave the disk after some Myrs. They either escape the galactic gravitational potential, or are bound to the Galaxy on some "orbit". The numerical simulation is used to find the timescale on which these processes wash out the imprint of the initial spatial distribution.
Let us introduce the functionM (r, t), which is the number of gravitars in a ball of radius r around the position of the Sun that were formed a time t ago. The radial probability distribution r (r, t) as introduced in Sec. II B is related toM via the derivative with respect to r
To obtain a dynamical picture,M (r, t) is computed in steps of 1 Myr from 0 Myrs to 200 Myrs. For each of the 201 values of integration time the trajectories of N tot = 10 9 galactic gravitars are evolved using the numerical integration methods described in Sec. III E and the radial distance distribution is derived from their final positions. The radial resolution is chosen as 2.5 pc for 0 kpc r < 12 kpc and as 100 pc for 12 kpc r 20 kpc Fig. 3 shows the number of gravitars inside balls of radius r around the position of the Sun, which were formed t = 200 Myrs ago, for the different initial radial distributions. The saturation near r = 8.5 kpc is due to the high density of gravitars near the galactic center.
The simulations show that the spatial distribution settles into a state of equilibrium for t ≈ 200 Myrs. There is no significant difference between the distributions for t = 200 Myrs and t = 2 Gyrs. By the age of 200 Myrs the initial distribution is washed out; evolution over longer times no longer changes the radial distributionM (r).
C. Scaling Dimension of the Spatial Distribution
The assumption of a two-dimensional and uniform spatial distribution of gravitars at the present time is crucial for Blandford's argument. The numerical simulation can test if these assumptions are valid or not.
A useful concept is that of the scaling dimension. To obtain the scaling dimension, the functionM (r) as introduced in the previous section is used. Assume a uniform distribution, and describe the number of sources inside each ball as a function of its radius r by a simple power lawM
D is called the scaling dimension of the distribution. Even an exactly two-dimensional spatial distribution of gravitars (e. g. the galactic disk) can effectively scale as a D-dimensional object due to density gradients. Note, that the scaling dimension is a local quantity depending on the position of evaluation.
To illustrate the scaling properties of the evolved galactic spatial distribution of gravitars, the local scaling dimension is computed for r 8 kpc and is shown in Fig. 4 . From (IV.2) the scaling dimension D (r) can be derived via
The differentiation is computed numerically using a cubic splining on the tabulated values. The scattering of points for r 1 kpc is due to the small number of sources at short distances and resulting numerical noise.
The scaling dimension at every distance to the Sun is greater than 2. For the first model of initial radial distributions it even reaches values D 5. For the second model there is a slight increase in the scaling dimension towards the galactic center where the scaling dimension D ≈ 3. For the last model the scaling dimension decreases with larger radial distance but always D > 2.
We conclude that the scaling dimension of the population of gravitars in the model of our galaxy is significantly larger than 2. More precisely averaging D over distances r 2 kpc -where D is nearly constant and independent of the initial radial distribution -yields D ≈ 2.95.
V. THE STRONGEST CONTINUOUS GRAVITATIONAL-WAVE SIGNAL
Using the frequency and spatial distributions obtained from our galactic simulation, it is straightforward to derive the maximum expected amplitude of continuous gravitational waves from gravitars.
A. Numerical Method
Let us first describe the numerical method for computing the maximum expected amplitude of the gravitational waves using the distributions in space and frequency as presented in Secs. IV A and IV B.
Eq. (II.18) is used to obtain the value of M (f 1 , ef 1 , h max ) for a given frequency band [f 1 , ef 1 ] (ln (e) = 1) and a trial value of h max . To compare the results with Ref. [2] h max is tuned via a bisection method within ±2.5% to the target value M tar = 0.5 such that 0.4875 M (f 1 , ef 1 , h max ) 0.5125.
As described in Sec. IV B the functionM (r, t) giving the number of gravitars with a solar radial distance less than r is tabulated. From these values r (r, t) = ∂ rM (r, t) /N tot is numerically computed via a cubic splining method.
The distribution in frequency space f (ε, f, t) is taken from Eq. (II.15) with distributions of initial periods as described in Sec. III D.
Given a frequency band a high value of h max is chosen as trial value. Then the frequency is chosen fixed at the lower boundary of the band and the integration over h ∈ [h max , h up ] in (II.18) is conducted by calculating from (II.5) the corresponding r (h) and inserting into the interpolated m (r, t). For the upper limit h up of the integration the value that would obtained if the gravitar was at the closest possible distance is taken. Then no contribution to the integral is lost. After integrating over h the integration over frequency in the chosen band [f 1 , ef 1 ] is done and weighted by f (ε, f, t).
The result of these two integrations is then integrated over all times t ∈ 0, t = 13.6 Gyrs where the timestep between two evaluations is chosen as dt = min 1 Myr,
to obtain a sufficiently fine timestep to track both spatial and frequency evolution. This integration over time is weighted by a constant birthrate oḟ n (t) = (30 yrs) −1 .
B. Maximum Expected Amplitude
Using the results of the simulation, one can see if the value of h max (obtained by the method described in the previous section) differs from the one predicted by Blandford's result as extended and improved in Ref. [2] .
To avoid boundary effects, from now only the first model for the distribution of initial frequencies is considered. In all frequency bands, the other models always give a smaller maximum amplitude of gravitational waves h max . Fig. 5 shows the resulting value of h max for different values of the ellipticity and all spatial distribution models. The graphs are to be understood as follows: the maximum amplitude of gravitational waves is calculated as described in the previous section for every choice of initial spatial distributions and for frequency bands [f, ef ]. The graphs shows the value h max obtained in such a band as a single point at (f, h max ).
From Fig. 5 it is obvious that the assumptions of Blandford's argument are not fulfilled for a realistic model of our galaxy. The graphs for different values of ellipticity do not line up, and each single graph is curved. Thus, the maximum amplitude of gravitational waves from galactic gravitars does depend on both the ellipticity and frequency.
For highly deformed gravitars the graphs are nearly flat indicating a weak dependence on f , while for low values of ε the previously-discussed kink appears.
The choice of the initial radial distribution causes only small differences. The inter-model differences are usually of the order of 10%, and in the worst case are about 50% for a particular ellipticity and frequency. This is because is the value hmax calculated for a frequency band [f, ef ] which is one natural-logarithmic-octave wide. The three curves show different initial spatial distribution models. For contrast, the dotted, straight line (independent of frequency and ellipticity ε) shows the value of hmax from [2] , which improved and extended Blandford's argument. the strongest gravitational waves are emitted by gravitars at very small distances [14] . As can be seen from Fig. 3 , the distribution for radial distances r 5 kpc from the Sun is nearly the same independent of the initial radial distribution.
Assuming the highest possible ellipticity ε = 10 −6 for the gravitars, the strongest signal has an amplitude of h max ≈ 1.6 × 10 −24 in the band [250 Hz, 680 Hz] which is improved (strengthened) by a factor of ≈ 3 compared with the value given in [2] . Note that this improvement factor would be smaller if larger values of ε were considered. In any case, the improvement factor is substantially larger at other frequencies.
In the case of the more realistic value ε = 10 −7 , the estimate is h max ≈ 6.6 × 10 −25 in the band [550 Hz, 1500 Hz] and is lower than the simple analytic estimate by a factor of 6. Table II lists the maximum values for the amplitude of the strongest gravitational waves for all adopted values of the ellipticity and the frequency band in which the maximum amplitude is expected. To illustrate the expected distance to the strongest gravitars we used the results of Fig. 5 together with Eq. (II.5) to compute the distance to these sources as a function of the gravitational-wave frequency interval and the ellipticity. The result is shown in Fig. 6 We conclude that the assumptions of Blandford's argument do not hold in our galactic model. The expected gravitar spatial distribution is not a two-dimensional uniform thin disk, and the expected gravitar frequency distribution is not yet in a steady state for realistic values of neutron star ellipticity.
C. Remarks on an Upper Limit
In the previous section we obtained the expected maximum amplitude of a gravitational-wave signal from a deformed neutron star spinning down purely by gravitational waves. Let us now address the question whether this value poses an upper limit on the gravitational-wave amplitude from objects that spin down partly by gravitational waves and partly by electromagnetic dipolar emission. It must be stressed that recycled millisecond pulsars are not covered here, since spin-up is not considered.
Ref. [2] gave a clever argument about why the expected maximum gravitational-wave strain from gravitars sets an upper limit for all neutron stars that have not gone through an accretion-powered spin-up phase. However that argument implicitly assumes only birth frequencies above the observed frequency band for the pulsars, and also assumes that the pulsar population frequency-space distribution is in steady-state in the observed frequency band. Here, we do not make either of these assumptions.
In this section we show that the results from Fig. 5 are a strict upper limit for frequencies f > 250 Hz. This is related to the distribution of initial frequencies which has its maximum at f 0 = 250 Hz and is decreasing monotonically for larger values of initial frequency. To maximize the number of sources in a frequency band at a given time in this regime, the slowest possible spin-down is required. Any faster spin-down only would remove sources from this frequency band without adding more new ones from higher frequencies. Since the slowest possible spindown without weakening the gravitational-wave signal is attained by switching off dipolar emission, the results from Fig. 5 are a strict upper limit on the gravitationalwave amplitude for f > 250 Hz.
To formulate a rigorous proof of this claim, we characterize the generalized spin-down such a "mixed" neutron star will experience with a spin-down parameterŷ. The spin-down from electromagnetic dipolar emission in terms of the rotation frequency ν is given bẏ
The second summand on the right-hand side of (V.10) is positive ∀ f, t,ŷ. The last factor in the first summand is always positive. It is also clear, that ∂ŷf 0 < 0 ∀ f, t for a fixed value of ε [15] . Therefore, if (V.11) holds true, it follows d dŷ f > 0 ∀ f, t,ŷ and d dŷ M > 0 ∀ŷ. Thus, if (V.11) is fulfilled, the global maximum of M as a function ofŷ is reached forŷ → ∞, that is for pure gravitational wave spin-down.
As mentioned earlier, for the model distribution of initial frequencies adopted to produce Fig. 5 has its maximum at f 0 = 250 Hz and is monotonically decreasing for larger values of initial frequencies. Therefore, Eq. (V.11) is fulfilled for f 250 Hz in Fig. 5 , and the graphs shown there are a strict upper limit on the gravitational-wave amplitude from neutron stars spinning down by gravitational waves and electromagnetic dipolar emission for f > 250 Hz.
VI. CONCLUSIONS
We have used analytical arguments and the results of a numerical simulation to show that the assumptions of Blandford's argument do not hold in a realistic model of our galaxy.
The assumptions (both in the original and in revised formulations of the argument) cannot be fulfilled for realistic values of ellipticity. The spatial scaling dimension D of an evolved neutron star distribution fulfills D > 2 making a simple two-dimensional model invalid. The distribution in frequency will not be in a steady state at the present time for realistic values of ellipticity.
Because these two assumptions do not hold, the simple geometrical reasoning behind Blandford's argument is not valid. The numerical simulations provide an improved estimate of the expected maximum amplitude of gravitational waves from gravitars. We also showed that for frequencies f > 250 Hz this maximum amplitude is an upper limit for gravitational waves from neutron stars that spin down by gravitational waves and electromagnetic dipole emission. Although the expected maximum amplitude is lower by about 1 order of magnitude compared to the previous estimates, we would like to stress that in all of the models so far the influence of the Gould belt has been neglected. This young star-forming region (age ∼ 40 Myrs) near the Sun is characterized by an abundance of massive O-and B-type stars enriching the solar neighborhood with young neutron stars. If there exists a population of gravitars born in the Gould belt, their gravitational-wave signals are more likely to be the first ones to be detected.
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